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u 1 Introduction 

^\ 

"^ ! An asymptotic behavior of the probabihties of Erdos-Renyi random graph first-order 

^^ ' properties is studied in the article. In this section we briefly describe the history 

of the problem and introduce necessary definitions. At the end of the section we 
w ■ formulate our main result. 

>-^ ■ Let N G N, < p < 1. Denote the set of all undirected graphs without loops and 

^ '. multiple edges with a set of vertices V^ = {I, ■■■, N} by Q^ = {G = (Vn, E)}. The 

^ [ Erdos-Renyi random graph (see pQ-jlj) is a random element G{N,p) of Qn with a 

distribution Pn,p on T^ = 2^^ defined as follows: 

Q\ • The random graph obeys zero-one law with a class of properties C if for any 

55 '■ property C eC either lim Pn,p{C) = or lim Pn,p{C) = 1. 
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The class of first-order properties is the most studied class in this area. Such 



O ■ properties are expressed by first-order formulae (see [5], |6]). These formulae are 



built of predicate symbols ~, =, logical connectivities -i, =^, <^, V, A, variables x, y, Xi. 
and quantifiers V, 3. Symbols x, y, Xi... express vertices of a graph. The relation sym- 
bol ~ expresses the property of two vertices to be adjacent. The symbol = expresses 
the property of two vertices being coincident. We denote by P a class of functions 
c^ ■ p = p{N) such that the random graph G{N,p) obeys zero-one law with the class C 

of all first-order properties. In 1969 by Y.V. Glebskii, D.I. Kogan, M.I. Liagonkii 
and V.A. Talanov in [7J (and independently in 1976 R.Fagin in [S]) proved that if 

Va > N'^ min{p, 1 - p} -> oo, N ^ oo, 

thenp G V. Moreover in 1988 S. Shelah and J.H. Spencer (see [H]) expanded the class 
of functions p{N) "that follow the zero-one law" . They proved that the functions 
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p = N~°', a eR\Q, a E (0,1), are in V. Surely p=l- A^"" G V when a eR\Q, 
aE (0,1). 

If a is rational, < a < 1 and p = A^~" then G{N,p) does not obey zero-one 
law (see 0). 

Denote by £°°, £°° D £, a class of all properties expressed by formulae con- 
taining infinite number of conjunctions and disjunctions. A class C^, C^ C £°°, 
containing all properties expressed by formulae with quantifier depths bounded by 
the number k, in the frame of zero-one laws was considered by M. McArtur in 1997 
(see [H]). M. McArthur obtained zero-one laws with the class C^ for the random 
graph G{N, N~°') with some rational a from (0, 1]. 

Finally, the random graph G{N,p) does not obey zero-one law with the class C if 
p = A^~" and a is rational, a E (0, 1]. At the same time the random graph G{N,p) 
obeys zero-one law with the class C^ for some rational a E (0,1]. Therefore it 
seems natural to consider the class Ck = C^] C^. In 2010 (see [12], [13]) we proved 
that if fc > 3, a G (0, l/(fc — 2)) the random graph G{N, N~°') obeys zero-one law 
with the class Ck- We also proved that when a = l/{k — 2) the random graph 
G{N, N~°') does not obey zero-one law with this class. This result led us to the 
following question. Do probabilities Pjviv-i/(fc-2) of all properties from C^ converge? 

Let us state the main result of the article. 

Theorem 1 Let k > 3, p = N~" , a = -j^. For any property L E Ck there exists 
limjv^oo Pn,p{L). 

Here we prove Theorem [T] for the case k > 4 only. The case k = 3 is much easier 
and its correctness can be proved by using the same arguments as in Lemma [1] (see 
Section 5 and Subsection 8.4). 

We give a proof of Theorem [1] in Section 7. This proof is based on a number of 
statements from Section 5 and Section 6. The mentioned statements are proved in 
Section 8. The main statement is Lemma 1 which is related to the Ehrenfeucht game 
(see Section 4). It plays a key role in proofs of zero-one laws and other statements 
on first-order properties. We introduce all necessary constructions in Section 3 
which is divided into 4 subsections. We describe its structure in the end of Section 
2 which is devoted to some important and well-known theorems on extensions of 
small subgraphs in the random graph. 



2 Distribution of small subgraphs 

For an arbitrary graph G denote by v{G) and e{G) the number of its vertices and 
the number of its edges respectively. The number p{G) = 4^ is called density 
of G. The graph G is called balanced if for any subgraph H ^ G the inequality 
p{H) < p{G) holds. The graph G is strictly balanced if for any subgraph H <Z G 
the inequality p{H) < p{G) holds. 

Let us describe a problem studied by J.H. Spencer in 1990 (see [1], [Ej). Con- 
sider graphs H,G,H,G. Let V{H) = {xi,...^Xfc}, V{G) = {xi, ...,xj, V{Hl = 
{xi, ...,Xk}, V{G) = {xi, ...,xi}, H C G, H C G (therefore, k < I). The graph G is 
called a {G, H)- extension of the graph H if 

{x,,,x,J G E{G)\E{H) => {x,„x,,} G E{G)\E{H). 

If 

{a;,„x,J G EiG)\EiH) ^ {x,,,x,,} G E(G) \ E(i7) 

then we call G a strict extension. Set 

viG,H) = \ViG)\ViH)l eiG,H) = |E(G) \ E(if)|, 

fa{G, H) = v{G, H) - ae{G, H). 

Fix an arbitrary a > 0. If the inequality /(S*, H) > holds for any graph S such that 
H C S <^ G then the pair (G, H) is called a-safe (see [2], jlj, [E]). If the inequality 
f{G, S) < holds for any graph S such that H C S C G then the pair (G, if) 
is called a-rigid (see [2], [1]). The pair {G,H) is called a-neutral if the following 
three properties hold. For any vertex x of the graph H there exists a vertex of 
V{G) \ V{H) adjacent to x; fa{S,H) > for any graph S such that H C S C G; 
fo^{G,H) = 0. 

Introduce a definition of a maximal pair. Let H G G G T, T G K, \V{T)\ < 
\V{G)\. The pair {G,H) is called {K,T) -maximal in F if for any subgraph T of G 
such that |V(T)| = |V"(T)| and T P\ H ^ T the following property holds. There is 
no (fC, T)-extension ii' of T in F \ (G \ T) such that each vertex of V{K) \ V{T) is 
not adjacent to any vertex of V{G) \ V{T). 

Let a G (0,1]. Let a pair {G,H) be a-safe. Let V{H) = {xi, ...,Xk}, V{G) = 
{xi, ...,xi}. Denote a set of all a-rigid pairs {Ki,Ti) such that |^(Tj)| < |\^(G)|, 
\V{Ki) \ V{Ti)\ < r by S"gid(r). Consider a set E^^^^^ralj^^) ^f g^jj ^-neutral pairs 
(ir„T,) such that \ViT,)\ < \ViG)\, \ViK,) \ F(T,)| < r. 



Consider the random graph G{N,p). Let H C G, V{H) = {xi, ...,Xk}, V{G) = 
{xi, ...,xi}, Xi, ...,Xk G Vj\f. Define a random variable N(^g^h)(xi, ...,Xk) on the prob- 
abihty space {Qn, J^n, Pn,p) as follows. The random variable assigns a number of all 
(G, if )-extensions induced on the set {xi, ..., Xk} in ^ to a graph Q from Qn- A graph 
X is called a subgraph of a graph Y induced on a set S C V{Y) if V{X) = S and for 
any vertices x,y E S the property {x,y} G E{X) -^ {x,y} G E(Y) holds. Let us 
give a formal definition of N(^g,h){xi, ...,Xk)- Let W C Vn\ {xi, ..., Xk}, \W\ = l — k. 
If there is a numeration of elements of the set W by numbers A; + l,/c + 2, ...,/ such 
that the graph Q\{xi^...^xi} is a (G, if )-extension of a graph Q\{xi,...;Sk} then we set 
IwiQ) = 1- Otherwise we set Iw{G) = 0. The random variable N^g,h)(xi, ...,Xk) is 
defined by the equality 

N^G,H){xi,...,Xk)= ^ Iw- 

WcVN\{xi,...,Xk}, \W\=l-k 

Theorem 2 (IH]) Let p = N'". Let a pair {G, H) he a-safe. Then 

lim PAr_p(VXi,...,Xfc \N(^G,H)(Xi,...,Xk) - EN,pN(G,H)(Xi,...,Xk)\ < 6EN,pN(G,H)(Xi,...,Xk)) = 1 

for any e > 0. Here E^p is the expectation. Moreover, E]\rpN(^GH)(xi,...,Xk)) = 

e(iv/(«'^)). 

In fact, the statement of this theorem means that almost surely for any vertices 
Xi, ...,Xk the relation 

N^G,H){xi,...,Xk) ~ EN,pN(^G,H)(xi,...,Xk) 

holds. In such cases we will use this notation. 

In addition to Theorem |2] J.H. Spencer and S. Shelah (see |1], [9]) proved a 
result on a number of maximal extensions of subgraphs in random graphs (in the 
case of "prohibited" rigid pairs). In 2010 we extended this result by considering 
"prohibited" neutral pairs (see tl5j). 

Let us define new random variables and formulate the corresponding results. 

Consider a random variable N,^j^. ^(xi, ..., x^) such that if ^ G ^n then -/V/J^-, ^(xi, ..., Xk) [G] 
is the number of strict (G, ii)-extensions G of the graph H = Q\{xi,...,xk} with the 
following property. For each pair {Ki,Ti) G '£^^^^^{r) the pair {G,H) is {Ki,Ti)- 
maximal in Q. First we formulate a result proved by J.H. Spencer and S. Shelah in 



Theorem 3 ([S]) Almost surely for any vertices Xi, ...,Xk 

Recall a result from [15]. Consider a random variable NJ^^J^ (xi, ...,Xk) such 
that if ^ G fijv then A/^/^f m'^^ (5;i, ..., 5;fc)[^] is the number of strict {G, if )-extensions 
G of the graph H = ^|{ji,...,Xfc} with the following property. The pair {G,H) is 
(iri,Ti)-maximal in G for any {Ki,Ti) e S'^^^*^^l(r). 

Theorem 4 ( [15] ) Almost surely for any vertices xi, ...,Xk 



Let us proceed on to the proof of Theorem [H An idea of the proof is in the 
analysis of the probability of the existence of a wining strategy for the second player 
called Duplicator in the Ehrenfeucht game (see Section 4). In Section 3, all the 
constructions which are necessary for the proof will be presented. 

The next section consists of 4 subsections. The main constructions used in the 
proof of Lemma 1 are introduced in Subsections 3.3, 3.4. These constructions are 
maximal for all a-neutral and a-rigid pairs that the first player called Spoiler can 
build during k rounds. In Subsection 3.2 the notion of a closure [A]q for a subgraph 
A of some graph G is introduced. 

This closure "contains" all a-neutral pairs. So, in Subsections 3.3, 3.4 graphs 
containing a maximal number of a-rigid pairs are constructed. Then closures of such 
graphs are considered. In Subsection 3.1 all necessary pairs of graphs are defined. 

3 Constructions 

Let fc > 4 be natural. In what follows we assume a = l/{k — 2). So, we will write 
f{G,H) instead of fa{G,H) everywhere below. 



3.1 Additional graphs 

Consider graphs Hi,H2,Gi,G2,G^^'"''^\Gi,G\,G\, where t G {1, ..., A; — 2}, ii G 
{1, ..., A; - 2}, ^2 e {1, ..., A; - 2} \ {^i}, .., ^, g {1, ..., A; - 2} \ {^i, ..., it^^}. 

In the following subsections we will use pairs of these graphs. In fact, we are 
interested in the pairs (Gi,i/i), (G2,i/2), {Gf-'\H2), {G\,Hi), (GlHi). 

1) The graph Gi is complete, V{Gi) = {xi, ...,Xk}, Hi is an arbitrary graph on 
the set of vertices V{Hi) = {xi, ...,Xk-3}- 

2) Let 

V{H2) = {xi,...,Xk-3,Xk-2}, E{H2) -arbitrary; 

V{G2) = V{H2) U {xfc_i}, E{G2) = E{H2) U {{xi, x^^i}, ..., {xfc_2, 0:^-1}}. 

3) Let t G {1, ..., k - 2}, H G {1, ..., k - 2}, 12 G {1, ..., A; - 2} \ {^i}, ..., it G 
{1, ..., A; — 2} \ {ii, ...,i(_i}. Consider graphs G^^'---'^* defined by induction: 

\/(G-) = \/(G2)uK}, 

E{G'i) = E{G2)U{{xi,x'^},...,{x,.i,xl}}\{{x,,,x'^}}- 

4) Let 

V^G^) = V{Hi) U {xk+i,Xk+2,Xk+3}, 

V{Gl) = V{G,) U {xl^,}, V{Gl) = ViG,) U {xl^^xl^,}; 
E{Ga) = E{Hi) U {{xi, Xfe+i}, ..., {xfc-4, Xfe+i}, {xi, Xfc+2}, •••, {a;fc-3, 3:^+2}, 

{xi, Xfc+3}, •••, {xfe-s, Xfc+s}, {a:fc+i, Xk+2}, {xk+i, Xk+z), {xk+2, 2:^+3}}; 

E{G^) = E{Ga) U {{xi,Xj^^^, ..., {xfe-3, 2:^+4}, {ajfc+i, 3;fc_^4}, {3:^+3, 2:^+4}}; 

E{G^) = E{Gi) U {{xi,Xk+i}-, •••, {a;fc-3! 2;jfc+4}, {xi,Xk+^}-, •••, {a^fe-s? 2:^+5}, 

|Xfc+i, a^fc+4|, |a^fc+i, 2;^_,_5|, |a;^_,_4, a^fc+sjj- 



Let t e {l,...,k- 2}, i, G {l,...,k- 2}, i2 e {l,...,k- 2} \ {i,}, ..., it G 
{1, ..., k — 2} \ {ii, ...,it„i}. Consider the set S'*i''"'*' of all unordered collections of 
k — 2 vertices from ^(Gg^''"'**). For each U C S**^'"'** consider the union of the 
graph (7*i'---'** and all the (G2, -f^2)-extensions of graphs G'3^'"''**|u, u G f/. Denote 
this union by G^^'"''^^{U). Note that a union of a graph on A; — 2 vertices with its 
{G2, -f/^2)-extension is obtained by adding one vertex adjacent to all its vertices. Let 
jji^i,...,it i^g ^ gg^ q£ g^jj subsets of S**!''"'** with the cardinality i. 

Let us construct the closure of a graph. 

3.2 The closure [^4]^ in G of a graph A 

Consider arbitrary vertices Ji,...,Xfc-3. Let G be a graph. Let xi,...,Xfe-3 be 
the vertices of the graph G. Consider any graph Ad G on a set of vertices 
V{A) = {a^,...,ad},d>k-2. 

First of all let us note that for the graph A there exist several closures in the 
graph G. All these closures are isomorphic. 

We construct the graph [A]g in /c — 1 steps. Let S* be a set of all different un- 
ordered collections of A; — 2 vertices from V{A). Set [A\q = A/Gi = G. 

The first step is divided into \S^'-'^~'^\ parts. Consider the first part of the 
step. Let {oij, ...^ai^_^} E S, U E U,^'i'l,^_2, = {S^'''''''~^}. Assume that there exists 

an (G3''"' ~ (f/), i/2)-extension Q of A\^ai ,...,ai } in Gi. We add only one such 
extension to the graph [A]q and for all these extensions we remove extenders from 
the graph Gi (if a graph X is an extension of a graph Y then we say that graph 
X \Y is an extender). 

Let the first s parts, s < |5'^'---''^~^| — 1, of the first step of the graphs [A]q, Gi 
construction be done. Let us describe the s + 1-th part. Let {aj^, ..., aj^. ^j £ •S', 
U G W|^'i_'.'..J-2i 5- Assume that an {G^''"' ~ (U) , H2)-extension Q of A|{ai^,...,ai ,} 
in Gi exists. We add only one such extension to the graph [A]q and for all these 
extensions we remove the extenders from the graph Gi. 

Let the i-th step, i < k — 3, he done. Describe the i + 1-th step. We divide 
this step into l^i.-.-.^-s-ij parts. 



Let {oj^, ..., aj^_2} ^ 'S', H, ■■■,'ik-2-i £ {^, ---jk — 2} be an ordered collection 
of different numbers, f/ be a subset of W*^ij''**i^^~'-i|- Let an (G'3^''"'*''"^"'(f/), iJ2)- 
extension Q of A|{ai ,...,ai ,} in Gi exist. We add only one such extension to the 

graph [A]q and for all these extensions we remove the extenders from the graph Gi. 

Let the first s parts, s < |5'*i'---'*'=-2-i| — i^ of the i+l-th step be done, {oj^, ..., ai,^.^} G 
S. Let ii, ...,ik-2-i G {!,..., A; — 2} be an unordered collection of different num- 
bers. Let U e W|*iH','.'*X-7-«i s' A*^*^^'^*^ ^hat an (G'3'''"'*'="^"'(f/), if2)-extension Q of 
A\{ai ,...,ai } in Gi exists. We add only one such extension to the graph [A]q and 
for all these extensions we remove the extenders from the graph Gi. 

Describe the final k — 1-th step. Let {flji, ..., Oj^.^} G 5*. Assume that there ex- 
ists a (G2, i/2)-extension Q of A\{ai ,...,ai } in Gi. We add only one such extension 
to the graph [A]q. The graph [A]q is constructed. 

In the following two subsections we construct graphs Xj>(xi, ..., x^-s), X},(xi, ...,Xk-3), 
Xj{xi), Xj(xi), where / G {1,2,3,4,5}, j is from some set J. The graphs Xj(iri) 
are subgraphs of some graphs Gi . which are chosen in such a way that these sub- 
graphs are "different" in some sense. The graphs X^fxi, ...,Xk-3) are subgraphs of 
the graph G and built as / grows from 1 to 5. The graph XUxi) is the union of 
the graphs X^ (xi,x|, ...,ir^_3) over some sets of vertices x|, ...,x^f._^ of the graph 

Gj.. Finally, graphs XUxi, ...,Xk-3), X'(xi) are the unions of the closures of some 
subgraphs of X^firi, ...,irfc„3), X'(aJ'i) respectively. 

3.3 Graphs Xgxi, ..., x^^g), Xgxi, ...,Xfc_3), /G {1,2,3,4,5} 

Assume that the graph G considered in the previous subsection does not contain 
subgraphs W with v{W) < k^ and p{W) > k — 2. We consider this restriction be- 
cause of the following reasonings. As it is mentioned in Section 2 the constructions 
we build should contain a maximal number of rigid pairs. Without a restriction on 
the density of subgraphs in G the number of such pairs in G can be arbitrarily large. 
We choose the number A; — 2 as in the random graph G{N,p) there are no subgraphs 
W with v(W) bounded by a fixed number and p{W) > k — 2. 



We construct the subgraph Xifxi, ...,Xfc_3) of the graph G by adding to the 
graph G'|{5^_...^jj. 3} its (Gi, iJi)-extensions by the following rule. Consider all pairs of 
(G'i,i7i)-extensions {A,B) of G'|{s,,...,j^_3} in G such that {E{A)\E{G\{^^^,„^^^_.^}))n 
{E{B) \E{G\^-^i,...,Xk-3})) ¥" ^- If such pairs exist (we say that extensions from such 
pairs are intersecting) we take their union and denote it by Xj,,{xi, ...,Xk~3). 

Suppose that the number of all the (Gi, ifi)-extensions such that there exist 
other (Gi, ifi)-extensions which intersect them is greater than 2{k — 3){k — 2). Let 
us prove that p(X}:,(xi, ...,Xk-3)) > k — 2. 

Let us reconsider the construction of the union Xi;(xi, ..., irfc-s)- Here we assume 
that the extensions are added step by step. At each step we add either an extension 
intersecting extensions added earlier or an intersecting pair of extensions which does 
not intersect extensions added earlier. Let Vi be a number of vertices added at the 
i-th step. Let /i > (A; — 3) (A; — 2) be a number of steps. Then 

{k-2){v^ + ...+vn) + h ^ ^^ ^ 
vi + ... +Vh + k -?, 

Therefore, p{X}^{xi, ...,0:^-3)) > k — 2. Thus, the number of intersecting (Gi,iJi)- 
extensions is not greater than 2(A; — 3)(A; — 2). 

If in the graph G there is no intersecting (Gi, /Ji)-extensions of G\{xi,...,xk--i} ^^ 
set 

Xq[Xi, ...,Xk-3) = G\{xi,...,x^._3}- 

Let 

XQ{xi,...,Xk-3) = [X^(xi,...,Xk-3)]c- 

Consider a set Ai of all pairs ([M]g, G|{jj^...^jj._3}), where M is an {Gi,Hi)- 
extension of the graph G\^xi,...,xk_3} in G without vertices of the graph X^,{xi, ..., Xk-3)\ 
G\{xi,...,xk_3}- Choose from the set A^ a collection of non-isomorphic pairs 

([Mi]g, G|{ji,...,s^_3}), ..., {[M^]q, G|{3;,,...,5;^_3}), 

such that r is maximal (we call some pairs of graphs {Ai, Bi), {A2, B2), with V^(Ai) = 
{a\,...,ai}, V{A2) = {al...,al}, V{Bi) = {a\,...,al}, V{B2) = {a?,...,a^}, m < 
n, isomorphic if {a}, a]} G ^(^i) \ E{Bi) ^ {af , a]} E ^(^2) \ E{B2)). Let 

X|(Xi, ..., Xfc_3) = [Mi]g U ... U [Mr]Q U X^(Xi, ...,Xk-3), 

X|(xi,...,Xfc_3) = MiU...UM,UXi(Ji,...,Xfc_3). 



Similarly to the case of intersecting (Gi, i7i)-extensions, the number of extenders 
of strict {G\, Hi)- and {Gl, iJi)-extensions of G'||j^^...^jj._3} in G which have common 
vertices with other such extenders is less than or equal to 2{k — 3) (A; — 2). Let Wi 
be the union of all such extensions. Set W2 = [Wi]q, 

X|(a:i,...,Xfc_3) = W2 UX|(xi,...,Xfc-3), Xq(xi, ...,Xk-3) = Wi U Xq(xi, ...,Xk-3). 

Consider a set Ai of all pairs ([M]g, Glij^^...^^^^}), where M is {Gl,Hi)- or 
(G4,ifi)-extension of the graph G'|{j,,...,j^_3} in G \ {W2 \ G|{s,,...,s^_3}) having no 
vertices from V{X^(xi, ...,Xk-3) \ G'|{j^^...^j^_3}). Choose non-isomorphic pairs 

([Mi]g, G||,„...,j,_3}), ..., ([M.]g, G|{j„...,s,_3}) 
from the set Ai in such a way that the number r is maximal. Set 

Xi(xi, ...,Xk-3) = X|(xi, ..., Xk-3) U [Mi]g U ... U [M^]q, 

Xi(xi, ...,Xk-3) = X|(^i, ..., Xfc_3) U Ml U ... U M,. 

For each vertex x G V(G) \ V(X^(xi, ...,Xk-3)) adjacent to less than or equal 
to k — 5 vertices of xi, ...,Xk_3 consider a set T{x) containing x and all vertices 
x^ G V{G) \ V^(Xi(xi, ..., x,fc_3)), satisfying the following property. There exists a 

vertex ir^ G V{G) \ V{Xi^{xi, ...,Xk-3)) such that x^ ~ x^, x^ ~ x, x^ ~ x, x^ ~ Xj, 
x^ r^ Xi, i & {1, ..., A; — 3}. Let T be a union of sets T(x) over all x such that 

/(Xi(xi,...,Xfc-3) U G\r(x), X^{xi, ...,Xk-3)) < 0. 

Consider also a set M of all pairs (Xi(xi, ..., Xfc_3)U[G|T(x)u{S?i,...,s-fc_3}]G5 ^g(^i' •••' a^fc-s)), 
where 

/(Xi(xi,...,Xfc-3) U G\r{x), Xq{xi, ...,Xk-3)) = 0. 

Let ([Mi]g,Xi(xi,...,Xfc_3)),...,([M^]g,Xi(xi,...,Xfe_3)) be non-isomorphic pairs 
from Ai such that the number r is maximal. Set 

X|(xi, ..., Xk-3) = [Mi]q U ... U [M,]g U Xi(xi, ..., Xfc_3) U [G|tu{Ji,...,x,_3}]g' 

X|(xi,...,Xfc_3) = MiU...UM,UXi(xi,...,Xfc_3)UG|TX|(xi,...,Xfc_3). 
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3.4 Graphs Xj(xi), Xj(xi), / G {1,2,3,4,5} 

Let Gi, 6*2, ... be graphs satisfying the following properties: 

- nT=lyiG^)^{xu...,x,.,}■, 

— pairs (G'i,G'i|{j,,...,j^_3}), {G2,G2\{xu...,Xk-3}), ■■■ are pairwise non-isomorphic; 

— p(X5; (xi, ..., Xfe_3)) < /c - 2 for every i e N; 

— there is no such a graph Gq that the graphs Go,Gi,G2, ■■■ satisfy the first three 
properties. 



Then obviously there exists a final set {ii, ■■■,ia{k)} such that pairs 



(X|, (Ji,...,Xfc-3),G'iJ{s,,...,3;,_3})), j e {l,...,a{k)} 



"3 



are pairwise non-isomorphic. Moreover, for any i eN there exists j G {1, ...,a(A;)} 

such that the pairs {X^^(xi, ..., Xfc-s), Gi\{iri,...,Xk-3})) and (X|^ (xi, ..., Xks), Gi^\{x^^...,Xk-3})) 

are isomorphic. 

For any j G {1, ..., a{k)} and / G {1, 2, 3, 4, 5} set 

Consider the graph G. Let (^ G {1, ..., /c — 4} be fixed. Let F^, ..., F* be subgraphs 
of the subgraph G satisfying the following properties. 

— For each i G {1, ...,t} there exist j G {1, ...,a(A;)} and vertices x|+i, ...,x|_3 of 
the graph G such that F* = X|(xi, ...,xg,xt_,_^, ...,x^_3). 

— Take arbitrary ix.i^ G {!,..., t}, ii 7^ ^2, such that a^^x*^ do not coincide 
for some ? G {.^ + 1, ..., k — 4}. Let /i G {^, ..., /c — 4} be such that for all 
? G {.^ + l,...,;u} the vertices x*\x*^ coincide, and the vertices ir^+i, ir^+i 
are different. Then / (Uie/n ^', flig/n ^') < 0, where r^ = {m : Vi G {^ + 

— Pairs ( I J.^rH ^\ Gl r-~ n -~m ), I I Jv-r»2 F*, Gl r,. ,. -.n ^»n ) are non- 

isomorphic for any yU G {.^, ...,A; — 4} and any ix^i^ G {!,..., t} such that 
a^;Vi ^ 5^;Vi. Here /^ = {tx : V^ G {^ + 1, ..., /i + 1} x^ = a^}, /^^ = {u:^ie 
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If in the graph G there is no subgraph y*+^ different from Y^, ...,Y^ and such that 
Y^, ..., y*+^ satisfy the three properties described above, then we denote Y^U ...UY^ 
by X^ixi, ...,x^). If t = set X^(xi, ..., x^) = G|{xi,...,jj. 

If, in addition, graphs Y^,...,Y^ follow the properties described below then we 
say that the graph Xp,{xi, ...,x^) is (xi, ...,x^)-net in G. 

— For any ii,i2 € {l,...,t}, ii ^ 12, the set V(Y^) fl ViY"^) is a subset of 

— For any 21,22 e {1, ..., t}, ii 7^ 22, either the sets {x^^i' •••' ^fc-sl' l^^+i; •••5 ^fc-3} 
do not intersect each other, or there exists ji G {^+1, ..., /c— 4} such that for any 
i e {^+1, •••, A*} the vertices x*^, x*^ coincide and the sets {x^+i, ..., a^^-s), { 
do not intersect each other. 



12 ^^2 1 



— For any ^1,^2 G {1, ...,t}, ii ^ ^2, the set E(F,, U F,J \ (^(F,J U ^(F^J) is 
empty. 

Let us consider the following situation. There exist graphs G^,G^ and vertices 

X 1 . •••5 "^ (^ 1 "^15 '**5 "^/^ 0U.CII TjIIoju 

- x|,(xl,...,xi) = Yl u ... ur/, x|,(x2,...,x|) = Y^ u ... ur^*; 



1 ^j,l ^4,1 



for any iG {1, ...,t} there exists j G {1, ..., a(A;)} such that Y^* = X|(xj;, ...,x^,xl'^^, ... 
12 — -^j \^i) •••) a;^, x^_|_]^, ..., x^gj lor some vertices x^^^^, ..., x^_3, a^^_|_i, •••, x^_ 

for any different ii, 12 G {1, ..., t} there exists /i G {^, ..., /c — 4} such that 



'•^fc-S^'' 



^1,1 ^2il ^li2 ^2i2 ■ ^ J(^ 1 1 

^il,l / ^12,1 ^«i,2 / ^J2,2 

— the graph X5;2(xf, ...,x|) is an (xf, ...,x|)-net in G^. 

In this case we say that the graph X§;2(xi, ...,x|) is a net of the graph X^-^^{x\, ...,x|). 
For any i G {1, ..., t}, /i G {^ + 1, ..., /c — 3} we introduce a notation 



X^ - NETgi ga^ji ._ji j2 j2(x^ ^ 



Note that the function NET is defined on the set of symbols {xj]^, i G {1, ...,t}, fi G 
{^ + 1, ..., k — 3}} of cardinality t{k — 3 — C,)- It means that some vertices from the 
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set of vertices {a^\ i G {1, ..., t}, /i G {^ + 1, ..., /c — 3}} can be equal, but the corre- 
sponding symbols are different. In this cases the function NET assigns a vertex to 
several different vertices. 

Obviously the number of different (iri)-nets (up to isomorphism) in G for differ- 
ent graphs G with maximal density greater than or equal to A; — 2 is finite (maximal 
density of a graph G equals p"^^^{G) := maxHcaipiH)}) . Let Xf(xi), ...,X^,f^Jxi) 

be such nets with the following property. For any net X^lxi) in G with maxi- 
mal density greater than or equal to k — 2 there exists a number j G {1, ...,m{k)} 
such that the mapping XqIxi) — )■ Xj{xi) preserving the vertex order is an iso- 
morphism. Let graphs Xf{xi), ...,X^i-j^Jxi) be ordered so that maximal densities 
of the graphs Xf{xi), ...,X^,j^Jxi) are equal to k — 2 and the densities of graphs 
Xf(xi), ...,X^,i^Jxi) are equal to A; — 2. For each number j G {1, ...,m{k)} let 

Xj{xi) = Yj^ U ... U Y- be a decomposition defined by properties described above 
(definition of an (S'i)-net). Let j G {1, ..., m(A;)}, s G {1, ..., t(j)}. Denote by i^''^ 
a number from {1, ...,a(A;)} such that Y^ = Xfj^^{xi,X2^, ...,x-j^^^) for some vertices 
a;2*, •••, 2;^'-3- For every / G {1, 2, 3, 4} set 

Xji^l) = X^iJ,i{Xl^X2 , ...,Xf^_^) U ... U X0^tU){Xi,X2 ,...,X^'_3 ), 

Xj{Xi) = X-j,i{Xi,X2 ,...,X^'_3) U ... U X.j^t(j){Xi,X2 ,...,X^'_3 ), 
Xj{Xi) = X0,i{Xi,X2 ,...,X^_^) U ... U X.j^tU){xi,X2 ,---,x^_^ ). 

The definition of the graph X^(xi, ...,x^) imphes that there exists an analogous 
decomposition: 

t{xi,...,x^,G) 
X^{xi,...,X^) = y X|(xi,...,X5,X^+i(xi,...,Xg),...,Ffc_3(xi,...,X5)). 

1=1 

Note that any graph G with maximal density p has subgraphs Hi,H2, Hi C H2 
such that p{Hi) = p{H2) = p, the graph Hi is strictly balanced, the pair {H2, Hi) is 
1/p-neutral chain, and either the pair {G, H2) is 1/p-safe or H2 = G (a pair {H2, Hi) 
is called a-neutral chain if H2 ^ Hi and there exist graphs Ki, ..., Kr,Ti, ...,Tr-i 
with the following properties: Hi = Ki G K2 G ... G Kr = H2; Ti G Ki, i & 
{l,...,r — 1}; pairs {{Ki \ Ki^i) U Ti_i,Tj_i), i G {2,...,r} are a-neutral; for any 
i G {2, ...,r} there are no edges connecting vertices of the graph Ki \ Ki_i and 
vertices of the graph Ki_i \ Ti^i). 
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Denote by X*{xi), X**(xi) the corresponding subgraphs of the graph Xj(xi) 
for each j G {1, ...,m{k)}. The graph X*(xi) is strictly balanced with density 
p^^^(^X^(^xi)). The pair {X**{xi),X*{xi)) is l/p"'^^(X|(xi))-neutral chain. Note 
that when j G {1, ...,fh{k)} the graphs X**{xi), X|(xi) are equal. 

Let us prove that the graph X*{xi) contains the vertex xi if j G {1, ...,m(/c)}. 
It is easy to see that in the graph XUxi) there are at least k — 1 vertices such that 
any vertex xP of them follows the property described below. There exists a number 
/ G {1, ..., t(j)} such that the vertices Xi, Xg , ..., X'^Lg are adjacent to x^ in the graph 
Xj{xi) and xp G V{X^j^i(xi,X2 , ...,xj^_^)). Otherwise 



Cl + ... + Cl+v{k-4) + {k-2) + {k-2){k-3) + Cl, 



> k-2. 



2k-5 + v 
yf + ... +yl-Av + {k-2) + 2{k - 2)(A; - 3) + (/c - 3)(A; - 4) > 2{k - 2){2k - 5) 

for some natural numbers f , yi, ..., y^ such that yi + ... + y^ = k — 2. 

A function (piyi, ...,7/^-2) = yi + ■■■ + 2/^-2 ~ 4|{z : yi 7^ 0}| achieves its maximal 
value on the set Z^^^ fl {yi + ... +yk-2 = k — 2} when (yi, ..., yk-2) = {k — 2, 0, ..., 0). 
Therefore, 

{k-2f -A + {k-2) + 2{k - 2){k - 3) + (A; - 3)(A; - 4) > 2{k - 2){2k - 5). 

A contradiction is obtained. Thus, the vertex xi is adjacent to A; — 1 or more vertices 
of the graph X*{xi). If the vertex xi is not a vertex of this graph, then the density 
of the graph Xj^(xi)|y(x*(xi))u{xi} is greater than the density of the graph X*{xi). 

4 Ehrenfeucht game 

The main tool in proofs of zero-one laws for the first order properties of the random 
graphs is a result proved by A. Ehrenfeucht in 1960 (see |I6]). In this section we 
formulate its particular case for graphs. First of all let us define the Ehrenfeucht 
game on two graphs G,H with i rounds (see [2], |1], [5]-[9], [13], [I6]-[T2]). Let 
V{G) = {xi, ...,Xn}, V{H) = {yi, ...,ym}- At the z/-th step {I < i^ < i) Spoiler 
chooses a vertex from any graph. He chooses either a vertex Xj^ G V{G) or a vertex 
yjl G V{H). At the same round Duplicator chooses a vertex from the other graph. 
Let Spoiler choose the vertex Xj^^ G V{G), j^ = j^ (z/ < /i), at the /x-th round. Dupli- 
cator must choose the vertex y.ji^ G V{H). If at this round Spoiler chooses a vertex 
Xj^ G V{G), j^ ^ {ji, ..., j^_i}, then Duplicator must choose a vertex yji G V{H) 
such that j' ^ {jj, ..., j' ^}. If Duplicator cannot find such a vertex then Spoiler 
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wins. After the final round vertices Xj^,...,Xj^ G V{G), yj',...,yj' G V{H) are cho- 
sen. Some of these vertices probably coincide. Choose pairwise different vertices: 
Xhi, ■■■,Xhi', i/h' , ■■■,yh', I < i- Duplicator wins if and only if the corresponding sub- 
graphs are isomorphic: 

^\{xhi,---,^hi] — ^\{yh'^^■■■^Vh[}^ 

Theorem 5 ([16]) Let G,H be two graphs. Let i G N 6e some natural number. 
Duplicator has a winning strategy in the game EHR{G,H,i) if and only if for any 
first-order property L expressed by a formula with quantifier depth at most i either 
G and H satisfy L or G and H do not satisfy L. 

In the two following sections we state lemmas which we use in the proof of 
Theorem [1] (see Section [7]). We prove lemmas in Section |H1 

5 Main lemmas 

Let Q G fiN, X G Vat, Q ^ Y ^ Q\{x}- We call the pair (F, x) j-maximal in Q, where 
J G {1, ..., m{k)}, if F = X|(J) = Xlix). 

Let C'j{N) C Qn be a set of graphs Q such that there are a vertex x and a graph 
Y such that the pair {Y, x) is j-maximal in Q. Set 

^Mk)+iiN) = nr, \ {C',{N) U ... U £|(,)(iV)), 

AU(^)=fh4)n(^^\( u A^(^) 

V»=l / V \iG{l,...,m(fc)}\{ji,...jt} 

for any different ji, ...,jt G {1, ..., m{k) + 1}. The following lemma provides pairs of 
graphs {G, H) such that Duplicator has a winning strategy in the game EHR{G, H, k). 

Lemma 1 For any subset {ji,..-,jt} C {1, ...,m{k) + 1} Duplicator has a win- 
ning strategy in the game EHR{G, H, k) for almost all pairs of graphs {G, H) from 

In the following lemma an asymptotic behavior of probabilities of M'^ a^ (N) is 
described. 



Lemma 2 For any different ji, ...,jt G {1, ...,m{k) -\- 1} there exist constants < 
Oi jt ^ 1 sitc/i that 
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6 Auxiliary lemmas 

In this section we give two statements which we use in the proofs of Lemma [1] and 
Lemma |2l 

Lemma 3 Let ji,...,ji G {1, ...,rh{k)} be some numbers (som,e of them, may be 
equal). Let for any ii G {1, ..., 1} there exist 12 G {1, ..., /} \ {ii} such that the graphs 
X** (pi), X** (x*2) jiave a common vertex. Then p(X**(x^) U ... U X**(x'-)) = k — 2 
if and only if the sets y(X*.(x*)) coincide for all i G {1, ..., /}. // not all of the sets 
coincide then p{X**{x^) U ..'. U X**{x^)) > k-2. 

For an arbitrary graph G we set f{G) = v{G) — a ■ e{G). 

Lemma 4 Let G be a strictly balanced graph, p{G) < k — 2. Let TZ be the number of 
all {K,T)-maximal copies of the graph G in G{N,p) for all a-neutral pairs {K,T) 
such that v{T) < k^ , v{K, T) <k^ . Then TZ converges in probability to infinity. The 
fraction ^ ^ ^ converges in probability to 1 and E.N,pTZ = 6(A^-^'^*^^). 

We prove Lemma [3] and Lemma H] in Section [HI 

7 Proof of Theorem [1] 

It follows from Lemma [T] that there exists a set Qn C Qn, Pn,p{^n) — )■ 1, A^ — )■ C)0, 
and a partition of this set fij^, .-., f^^!^ , Ui=i "jv = ^a'; such that for any i G 
{1, ..., s{k)}, N,M E N and any pair of graphs Q G Q^jy, Ti G Q\,j Duplicator has a 
winning strategy in the game EHR{Q,'H, k). Any set i7^ is an intersection of sets 
A^_^j^{N) for some ji, ...,jt G {1, ..., rh{k) + l} with Q^ C Qn- Let L be a first order 
property expressed by a formula with a quantifier depth at most k. By Theorem \5\ 
for each i G {1, ...,s{k)} its truth is the same for all graphs from Utvsn ^n- Lemma 
[2]provides a convergence of a probability of Q^j^ for any i G {1, ..., s{k)}. The subset 
An{L) C Qn consisting of all graphs satisfying the property L is the union of il^, 
i E I, for some / C {1, ...,s{k)}. Therefore, Pn,p{An{L)) converges too. Theorem 
is proved. 



8 Proofs of lemmas 

We do not give a proof of Lemma H] in the paper because it is a simple version of 
the proof of Theorem H] that was proved in f^^ . The proof of Lemma [2] is based 
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on Lemma [31 The proof of Lemma [T] is based on Lemma HI Therefore, we prove 
Lemma E] first and prove Lemma [2] and Lemma [T] after that. 

8.1 Proof of Lemma [3] 

Consider some a-neutral chain {G,H) and graphs Ki, ...,Kr,Ti, ...,T^_i such that 

— H = Ki C K2 C ... C Kr = G, Ti C K,, z G {1, ..., r - 1}, 

— the pairs {{Ki \ Ki^i) U Ti_i,Tj_i), i G {2, ...,r}, are a-neutral, 

— for any i G {2, ..., r} the vertices of the graph Ki \ -ftTj-i and the vertices of the 
graph Ki^i \ Tj_i are not adjacent. 

Suppose that H is a. strictly balanced graph with the density p{H) = 1/a. Let 
us prove that the graph G is balanced. 

Let F be a proper subgraph of G, Fi = FnH, Fi = Fr\{Ki\Ki^i), i G {2, ...,r}. 
From the definition of an a-neutral pair it follows that 

/(FiUT,_i,T,_i)>0, 2G{2,...,r}. 

Obviously, 

e{Fi U ... U Fi, Fi_i U ... U Fi) < e{Fi U T^^i, F,^i), t G {2, ..., r}, 

v{Fi U ... U Fi, Fi_i U ... U Fi) = v{F, U T^^i, T^^i), t G {2, ..., r}. 

Therefore, 

f{Fi U ... U Fi, F,_i U ... U Fi) > 0, z G {2, ...,r}. 

Furthermore, 

/(i^i) > /(^) = 

as H is a strictly balanced graph. The last inequality is strict if and only if Fi 7^ 0. 
Finally, we get 

v{F) 
v{F) 
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Therefore, the graph G is balanced. 

For each i G {!,...,/} denote by Yi the graph X**(xi). We prove Lemma [3] by 
induction. Consider the case / = 2. Set Yi,2 = Yi fl F2- Consider the following three 
situations. 



1) The set V{X*^{x ))nV{Yi^2) is not empty. The graph X*^(x )nYi,2 is a proper 
subgraph of the graph X*^(x^). 



2) The set V{Xl{x^)) n l^(yi,2) is empty. 

3) The equality X*^{x^) n Fi,2 = X*^{x^) holds. 

The graph X*_^{x^) is strictly balanced with the density equal to A; — 2. The pair 
{Yi,X*^{x^)) ia an l/{k — 2)-neutral chain. Therefore, the graph Yi is balanced. 
Thus, in the first case 

/(Fi,x;(ji)uri,2)<o, f{Y2) = 0. 

Furthermore, the graph X*_^{x^) is strictly balanced, /(X*^(x^)) = 0. Therefore, 



<k-2. 



e{X;^ix'))-eiX*^{x'),Y,,,nX*^{x')) _ ejY,,, n XJ^jx')) 
viX*^ix^))-viX*^ix^),Y,,2nX*^ix^)) v{Y^,,nxiix^)) 

So, 

/(x;(ji)uri,2,ri,2) < /(x;(xi),ri,2nx;^(xi)) <o. (2) 

Finally, we get 

e(Fi U 1^2) > e(F2) + e{Y,,X;^ U ^1,2) + e{Xl{x') U ^,2, ^1,2) > (A; - 2)t;(ri U Y,). 
The last inequality is strict due to ([2]). Thus, 

p(Fi U F2) > A; - 2. 

Consider the second case: (X*^(x^) fl Yi^2 = 0)- From the definition of an a- 
neutral chain it follows that f (11,2) — « ■ e(Yi^2) > 0. Therefore, 

e(ri U F2) > 6(^2) + e(Fi, Fi,2) = 6(^2) + e(Fi) - 6(^1,2) > 

> (A; - 2){viY2) + t;(ri) - t;(ri,2)) = (A; - 2)t;(ri U F2). 



We get p(Yi UY2)> k-2. 

Let finally ^1,2 ^ X*^{x^). Then X^x^) = X*^{x^). Actually if X*^{x^) n 
X*^{^) i {X;^(ji),X;^(j2),0} then the pair [X]^{^^)V}X]^{^'^),X]^{^^)) is a-rigid 
as the graph X*2(5?) is strictly balanced. This fact is in confiict with the properties 
Xj'^(x^) U X*^{x^) C Y2 and ^(^2) = p(-^ji(2;^)) as the graph Y2 is balanced. In the 
cases X* (x^) C X* (x^), X* (5;-'^) C X* (x^) we also get rigid pairs and obtain contra- 
diction. If X*^ (x ) n Xj^ (x ) = then the graph Y2 \ X*^ (x ) contains the subgraph 
Xj'^(x^) with the density k — 2. It is impossible since (y2,Xjl,(x^)) is a-neutral chain. 

Consider / > 3 pairs {Y„x'). Let 1/(Fi) n 1/(^2) 7^ 0, V{X*^{x^)) ^ V{X*^{x^)), 

p(FiU...Ul^_i)>A;-2. 

The graph |J Fj fl Yi is a subgraph of the graph Yi. We have proved that 1^ is a 

j=i 
balanced graph. Therefore, 



[JYinYA <k~2. 



Thus, 




e{[jY^ e fuV,) + e{Yi) - e C[j Y, n Yi 



So, the density equals k — 2 ii and only if for any graphs Y^^, y^j with common ver- 
tices X*. (x*i) = X*. (x*2). For any ii G {1,...,/} there exists 22 e {1,...,/} \ {?i} 
such that the graphs Yi^jYi^ have a common vertex. Therefore, the density equals 
A; — 2 if and only if the sets V"(X* (x*)) coincide for all i G {1, ..., /}. Lemma is proved. 



8.2 Proof of Lemma [2] 

Let us prove the convergence of Pj\f^p{C'^{N)) to some number ^j for each j G 
{1, ...,m{k)} as X — )> 00. The proof is based on three statements. The first one. 
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Lemma [31 is already proved. The second one is stated and proved in [12]. An ana- 
logue of the third statement is proved there too. Let us introduce some notation. 

Let j e {1, ..., m{k)}. Let Vj and Cj be the numbers of vertices and edges in the 
graph Xj{xi) respectively. Let aj be the number of automorphisms of the graph 
Xj{xi) with the fixed point Xi. Consider all ordered collections of Vj vertices of the 
set Vat. Let us define a subset Mj of the set of all such collections. 

• Mj contains all different unordered collections. 

• Let fxj^, ...,Xi„, j G Mj. Let y be a graph on the set of vertices < Xj^, ...,5;j„. >. 
Assume that y is a strict f X|(xi), G|{jj} j -extension of the graph y|{j.j. Let 

a graph obtained by permutation of vertices I " /'■' I of the graph Y 

V h ■■■ U, J 

be a strict (X|(xi), Glj^j} j -extension of the graph F|{j^j. Then the set Mj 

does not contain the collection (xj^jXij, ...,Xj^). Otherwise this collection is in 

M,. 

• In Mj there are no collections except the described ones. 

Set TTLj = \Mj\. Let us enumerate all the collections from the set Mj by numbers 
1, ..., rrtj. Consider events Bl, ..., Bi^.. The event Bl is that a subgraph Yi on the i-th. 
collection from Mj and its first vertex form a j-maximal pair. Let Al be an indicator 

of the event Bl . Consider a random variable Aj = ^ Al equal to a number of all 

j-maximal pairs. We get 

PmMj = 0) = 1 - E ^^M) + E P^.p(^n n Bi;) + ...+ 

1=1 Ji,i2=l 

mj 

+ (-!)" E P^,p(i3lni3^n...nsi^) + ... (3) 

The summation is over all different collections with pairwise different numbers. Let 
us prove that there exists a number E,j such that 

hm PnA^){N)) = hm (1 - P^,p(A,. = 0)) = ^,. 
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Let (pi{N) be the probability that the pair (Y, XjJ, Y = Q\\x ...x- }, G ^ ^n, is 
j-maximal under the condition that the graph y is a strict {Xj{xi), G'|{j^})-extension 
of the graph y I {j^}. Then 

(Jj j (JjA 

where Eiv,p(Xj) = E(Xj(G(Ar,p))). Set 

We use the notation ii ~ 22 in the following case: the numbers ii,i2 are from 
{1, ...,mj}, ii 7^ i2, and the collections from Mj numerated by ii,i2 have common 
vertices. Denote the sum with intersecting collections of vertices by rj{n,N). In 
other words 

<{N) - J2 P^.p(^i nBln...n BlJ = r,{n, N). 

1-1,12, ...jin- Vtl5^t26{l, ■■■,"} *ti 7^**2 ,«ti'^«t2 

Let Yi, ..., Y„ be pairwise disjoint collections from Vn with cardinality Vj. Let 
xl be a vertex numerated by t in the z-th collection, i G {l,...,n}, t G {!,..., fj}. 
Let yl^(^N) be a set of all graphs Q from ^at such that for any i G {1, ..., n} the pair 
(^|Yi,5;5^) is j-maximal in Q. Denote by Xl{N) a set of all graphs Q in fi^r such 
that the subgraphs ^Iyi, •••5 ^|y„ are strict f X| (a; 1 ), Glj^^} j -extensions of graphs 
'3\{x\}^--,Q\{x^} respectively. Let 

4>^AN) = PN,,{yiiN)\Xi{N)). 

Obviously the probability (piX-^) does not depend on a choice of sets Yi, ..., Y„. We 
get 

<{N) = f; P^M. nBln...n BjJ ~ ^ (^) " + r,{n, N). 

h,i2,...,in=l \ 3/ 

Let us formulate a statement from [12] (see Statement 3). 
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Statement 1 Let {an{N)}neN be a set of functions such that there exists a sequence 
of numbers {bn}neN obeying the following law: Wn E N a„(A^) — )■ 6„, A^ — )■ oo. Let 

oo oo 

Y2 bn = b. If for any N E N the series Yl Cin{N) converges and for every s G N, 

n=l n=l 

N eN 

2s— 1 oo 2s 



n=l n=l n=l 



n=l 

oo 

then J2 an{N) -^b, N -^oo. 



n=l 



For any n G N, A^ G N the inequality al^{N) > a^_,_]^(A^) holds. Therefore by 
Statement [1] the convergence 

p^,,(4(iv)) ^ 

follows from the following fact. For each n G N 

lim«(iV)-r,(n,iV))=6,H, (4) 



oo 



lim rj{n,N) =rj{n), (5) 

vf— >oo 

5^(-ir(6,H+r,(n))<oo. (6) 

n=l 

The equality (jl]) follows from a statement similar to Statement 2 from [12]. We 
do not give here a proof of the statement because the proofs of these two statements 
are the same. 

Statement 2 There exists < (j < 1 such that 

0i(iv)~o, <Pi{N)-q. 

All that remains is to show that equalities ([5]) and 



lim r,(n) = 

n— >oo 



hold. 
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Let X be a vertex. Let us define sets Qi{x),Q2{x) in the following way: 

(Q, x) G Q^ ^ {{v, < v{Q) < nv,) A {p{Q) = k-2)A {3Y^, ..., % (V^ G {1, ..., n} 

{{%x)^{Y,{x),x))A{yti,t2e{l,...,n} {%n%D X;{x)))A{Q = YiU...UYn))), 

(Q, x)eQ^^ {{Vj < viQ) < nvj) A (p(Q) > A; - 2) A (3Fi, .., ?„ 
V^i G {1, ..., n} ((F,, ^ i;-(x))A(3z2 G {1, ..., n} {%n% ^ 0)))A{Q = Y,U . . .UY^))) . 

Let (Qi,x) G Q[^^ ..., {Qt,x) G Q[;, ii, ...,Zi G {1,2}, ri,...,rt G N, n + .-. + n = n. 
Let Y']' U ... U YJ. be a decomposition of Q^, ^ G {l,...,t}, into graphs isomorphic 
to X^{x). Let us introduce different collections of vertices from Vat for graphs Qi, 
I G {1, ..., t}, in the same way as Mj was introduced. The first vertex in a collection 
is fixed if and only if {Qi, x) G Q]^ . For every / G {1, ..., t} define an event Bi{Qi). Its 
definition depends on whether {Qux) G Q^' or {Qi,x) G Q2 ■ If (Qi,a;) G Q2' then 
the event Bi{Qi) is that the subgraph induced on the i-th collection is isomorphic 
to Qi. If {Qhx) G Q!i then the event Bi{Qi) is that the subgraph induced on the 
i-th collection is a strict (Qz, {x})-extension of the first vertex of the collection and 
forms with it a j-maximal pair. By Lemma [3] for any Qi G Q[,% i G {1, ...,t}, there 
exist numbers g(Qi, ..., Qi) > such that 

t 

f 2 

^ E EE E ?(<5i.-.<50 E p^.p(^^i(^i)^-^^^*(<5*))- (7) 

ri+...+rt=n j=l (^=1 (Q^^xjegJ"' ii, ■■■,«* 

Summations in [7] are over zi, ...,«( corresponding to pairwise disjoint collections. 

Let ri, ..., Tt G N, ri + ... +rt = n. Consider a vector (Zi, ..., /j) G {1, 2}* such that 
al least one of the numbers li,...,lt equals 2. Let {Qi,x) G Q[.'. Consider graphs 
Qi, ...,Qt with the following properties. 

— Any two graphs among Qi, ...,Qt do not have a common vertex. 

— There exist vertices xi, ...,Xt such that {Qi,Xi) = {Qi,x) for any i G {1, ...,t}. 
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Set V{G) = V{Qi) U ... U V{Qt), E{G) = E{Qi) U ... U E{Qt). Let A^^ be the 
number of copies of G in G{N,p). Obviously there exist G{G),fi{G) > such that 

Therefore the difference between the upper and the lower bound in ([7]) equals 
0(1). The existence of lim r,(n, A^) follows from the convergence of the lower bound 

in ([7]) to a number rj{n) as A^ — )■ 00. Let us prove this convergence. Let Ri, ...,Rthe 
pairwise disjoint subsets of Vat, \Ri\ = \V{Qi)\. Let (p{Qi, ...,Qt) be the probability 
that the graphs induced on Ri,...,Rt form with the first vertices of Ri,...,Rt j- 
maximal pairs under the following condition. For each / G {l,...,t} the graph 
induced on the /-th collection is a strict (Qi,x)-extension of the first vertex of this 
collection. The proof of the convergence of ip{Qi, ...,Qt), A^ — )■ 00, is identical to 
the proof of Statement [2l Thus we do not give this proof. The existence of rj[n) 
follows from the convergence of f{Qi, ..., Qt)- 

Finally let us prove that rj{n) — > when n — )■ 00. It is easy to see that 

t 

E E E ?(Qi--QO E P^,p(^H(Qi)n...nsjgo) 

ri+...+rt=n i=l {Qi,x)l^Q[^ h,...,it 

\ ttj J n\ a^rv. 

Therefore the convergence of Piv,p('C^(A^)) is proved. 

Let us consider intersections of the properties C'^i^N). 

The convergence ([1]) follows from the existence of a limit of the sequence {PAr^p(£^^ (^)n 
... n £^^(A^))}AreN for any ji, ...,jt G {1, ...,m{k)}. Indeed, for any properties A,C 
the equality P(AnG) = P{C) - P{AnC) holds. If P(A n ... n A^ n C) equals 

E 



"^ E (-i)"^^*"""'^^P(^ii n ... n A^ n G) 



for some cTs : N'^ — )■ {0, 1}, then 



P{Ai n ... n Afc n C) = P{Ai n ... n Ak_i n C) - P(Ai n ... n {Ak n G)) = 
E E (-i)''^*^'-"^^(P(^n n ... n A^ n C) - P{A,, n ... n A^ nA^n G)). 
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In other words, the probabihty P{Ai fl ... H A^ Cl C) can be written as the finite 
sum of the probabihties of some intersections of properties without any negations. 
Therefore the existence of a hmit of any such intersection imphes the existence of a 

hmit of P(A n ... n A^ n C). 

Thus we have ji, ...,jt G {1, ..., m{k)}. The proof of the existence of hm„^oo PN,p{'^'j-^{.N)n 
... n £*'^(iV)) and the proof of the convergence of the probabihty of one property are 
the same. Note that if an intersection of {ji, ■■■,jt} and {m{k) + 1, ...,m(/c)} is not 
empty, then the probabihty of the existence of X**{xi) converges due to arguments 
which are the same as in the case ji,...,jt G {1, ...,m{k)}. Therefore it remains 
to apply Theorem 4. Finally the convergence P N,p{^ffi(k)+i{^)) follows from the 
equality 

^iik)^^) = ^N \ cliN) u ... u /:|(,)(iv). 

Lemma is proved . 



8.3 Proof of Lemma [T] 

Let S be the set of all a-rigid and a-neutral pairs {K, T) such that v{T) < k^, v{K, T) < 
k^. Theorem [3l Theorem IH Lemma H] imply the existence of a set Qn C Qn such 
that 

lim P7v,p(fiAr \ (In) = 
N—^oo 

and the following property holds. For any Q G Qn, r < k, Xi,...,Xr, {K,T) G S 
there exist all possible non-isomorphic (i^, T) -maximal a-safe pairs {W,Q\^xi,...,xr})j 
v{W) < k^, in Q and all possible non-isomorphic (i^, T)-maximal in Q strictly bal- 
anced graphs W with p{W) < a, v(W) < k^, and there is no copy of a graph with 
r < k^ vertices and density greater than a. 

If in some rounds a strategy of Spoiler doesn't depend on the choice between the 
graphs Q and 7i then we assume that he chooses the graph Q. 
Let us prove that for any N, M &N and any pair 

{g,n) G {A,,...,XN) n Qn) X {A,,...,XM) n Qm) 

Duplicator has a winning strategy in the game EHR^Q.T-L, k). 
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Let Spoiler choose a vertex xi in Q at the first round. Consider the graph Xg(a;i). 
If p°'^^(X^(Ji)) = A; - 2 and X^(xi) is (xi)-net in G, then as n E Aj,,„jXM) there 
is a vertex yi in "H such that Xy^{yi) is a net of the graph Xg(xi) (in the considered 
case graphs Xg(xi) and Xy^{yi) are isomorphic). Let either p™^^ (Xg (xi ) ) = k — 2 
and Xg(a;i) be not a (a;i)-net in Q or p™'^^(Xg(a;i)) < k — 2. As "H G fi^w- in the graph 
"H there is a vertex yi such that the graph Xy^{yi) is a net of the graph Xg(2;i). 
Duphcator chooses the vertex yi at the first round. 

Let at the ^-th round, ^ G {2,..., A; — 3}, Spoiler choose a vertex x^ G ^. If 
for some i G {l,t(5^i, ..., x^_i, Q)}, ji G {^, ..., /c — 3} vertices x^ and ^^(xi, ...,x^_i) 
coincide then Duplicator chooses the vertex 

Suppose there are no appropriate i G {l,t{xi, ...,x^_i, Q)} and p G {^, ..., A; — 3}. 
As "H G VLm from the definitions of Xgixi, ...,xg„i), Xg(xi, ...,x^) it follows that in 
the graph "H there is a vertex y^ such that the graph X|^(yi, ...,y^) is a net of the 
graph Xgixi, ...,x^). Indeed, we want to construct a graph Xy^{yi, ...,y^) such that 
the pair (X|^(yi, ...,y^,'H|{jji,...,j7^_i})) is a-safe. Duphcator chooses the vertex y^. 

Let at the A; — 3-th round vertices Xi, ...^Xk-z E Q,yi, ..., y^-s G "H be chosen. The 
graphs Xgixi, ...,Xfc_3),X|^(yi, ...^yk-z) are isomorphic (it follows from the ways of 
their constructions). Let ip : Xg(5;i, ..., -Tfc.s) -> X|^(yi, ...,^^-3) be an isomorphism. 

The remaining part of the proof is divided into cases. There are some basic cases 
such that other cases are similar to them. Thus we give proofs for the basic cases 
only. However we give brief proofs for all the cases. 

L At the k — 2-th round Spoiler chooses a vertex Xk-2 adjacent to xi, ...,Xk-3- 

If in Q there are vertices x^, x"^ adjacent to each of the vertices Xi, ..., Xk-2) then 
the vertex Xk-2 is in V{Xg{xi, ...^Xk^z))- Duphcator chooses yk~2 = V^(5^fc-2)- 
If at the k — 1-th round Spoiler chooses a vertex from V{Xg{xi, ...^Xk-^))-, 
then Duplicator chooses the vertex yk-i = (p(xk-i) again and obviously wins. 
If Spoiler chooses a vertex Xk-i adjacent to each of the vertices Xi, ...,Xk-2 and 
there is no vertex x adjacent to xi, ...,Xk-i, then without loss of generality one 
can consider Xk-i to be an element of the set Xg{xi, ...,Xk-3)- Spoiler chooses 
the vertex yk-i = ip(xk-i). If at the A;-th round Spoiler chooses a vertex Xk 
adjacent to A; — 2 vertices from xi, ...,Xk-i (say, to vertices Xi, ...,Xk-2), then 
in Xgixi, ...jXk-s) there is a vertex x, adjacent to Xi, ...,Xk-2- Duplicator 
chooses yk = ^ixk) and wins. Finally, if the vertex Xk is adjacent to at most 
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k - 3 vertices^from xi,...,Xk-i, then the pair {G\{xi,...,Xk},G\{xu...,Xk_i}) is a- 
safe. As "H G Qm, in 'H there is a vertex y^ such that the graph "HJij/j^ gr^.} is a 
strict (^|{ji,...,2jj,^|{ji,...,2j^_J)-extension of the graph 'H|{gri,...,yj^_i}. Duphcator 
chooses yk and wins. Let the vertex Xk-i be adjacent to at most k — 4 ver- 
tices from xi, ...,Xk-2- Let 5;^, ..., x* be all vertices from Q adjacent to at most 
k - 2 vertices from xi,...,Xk-i such that pairs {G\{xi,...,Xk-i,x^}yG\{xi,...,Xk-i}), 
i G {l,...,s}, are non-isomorphic. Consider a subgraph A oi Q containing 
the vertices Xi, ...,Xk-i,x^, ...,x'^ only. The pair {A,Q\^xi,...,Xk_2}) i^ a-safe. As 
H G Qm, in "H there is a strict (A, ^|{j^^,,,^jj,_2})-extension 5 of the graph 
^\{yi,...,yk-3}- Let ^ : A — )■ i? be an isomorphism corresponding to this ex- 
tension. Duplicator chooses C,{xk-i) and wins. Lastly, let the vertex Xk-i be 
adjacent to A;— 3 vertices from xi, ..., Xk-2- If there is a vertex x adjacent to each 
of xi, ..., Xk-i, then without loss of generality one can consider vertices Xk-i, x 
to be in \/(Xg(5:i, ...,Xk-3)). Duplicator chooses a vertex yk-i = ip(xk-i) and 
wins. If Spoiler chooses a vertex adjacent to each of Xi, ...,Xk-i, then Du- 
plicator chooses ip(x). Let Spoiler choose a vertex adjacent to k — 2 vertices 
from Xi, ...,Xk-i- We can assume that this vertex is from V{Xg[xi, ...,Xk-3))- 
Therefore, Duplicator wins again. 

Let Xk-2 be not from V{Xg{xi, ...,Xk-3))- Let x^,...,x^ be all vertices of 
the graph Q such that the following properties hold. Each of the vertices 
xi,...,Xk-2 is adjacent to each of the vertices x^,...,x^. Sets of collections 
containing k — 3 vertices from Xi, ...,Xk-2 such that in Q there is a vertex 
adjacent to them and to x* are different for all i G {1, ..., s}. Consider a sub- 
graph A of Q containing the vertices xi, ...,Xk-2,x^, ■■■,x^ and one (G2,H2)- 
extension for each subgraph with A; — 3 vertices from xi,...,Xfc-2 and one 
from 5;^,..., P. Then the pair (A, ^|{ji,...,s^j._3}) is a-safe. As "H G VLm in 
1-L there is a strict (A, ^|{jj ...^jj._3})-extension B of the graph 'H\{y^^,„^y,,_^}. Let 
^ : A — )■ i? be an isomorphism corresponding to this extension. Duplicator 
chooses yk-2 = i{xk-2)- Let at the k — 1-th round Spoiler choose a vertex Xk-i 
adjacent to each of xi, ...,Xk-2- There is such a vertex in B that Duplicator 
can win by choosing this vertex. If Spoiler chooses a vertex Xk-i adjacent to at 
most /c — 4 vertices from xi, ..., Xk-2-, then obviously Duplicator has a winning 
strategy. Finally, let Xk^i be adjacent to k — 3 vertices from xi,...,Xfc_2- If 
there is a vertex x adjacent to each of Xi, ...,5;fc_i, then without loss of gen- 
erality we can consider vertices Xk--i-,x to be in V{A). Then there is a vertex 
yk-i in -B, corresponding to the vertex Xk-i- Duplicator chooses this vertex 
and wins. 
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2. At the k — 2-th round Spoiler chooses a vertex Xk-2 adjacent to k — 4 vertices 
fromxi,...,Xfc_3- 

If in Q there are vertices x^,x^, adjacent to each of xi, ...,Xk-2, then ei- 
ther the vertices x^,x'^ are in V{Xg(xi, ...jXks)), or the vertices x^,x^ are 

in V{Xg(xi,...,Xk-3)) \ V{Xg(xi,...,Xk-3))- Anyway the vertex Xk-2 is in 
V{Xg(xi, ...,Xk-3)). Spoiler chooses yk-2 = '^(xk-2)- Further choices of Du- 
plicator are described in the same manner as for the case 1. 

If there are no two vertices adjacent to each other and to each of Xi, ..., Xk-2, 
then further reasonings are identical to reasonings from subcases of the case 
1., in which we use safe pairs. 

3. At the k — 2-th round Spoiler chooses a vertex Xk-2, adjacent to at most k — 5 
vertices from Xi, ...,Xk-3- 

If in Q there are vertices x^,aP, adjacent to each of xi, ...,Xk-2, then the ver- 
tices x^,x^ are in one of the sets V{Xg(xi, ...,Xk-3)), V{Xg(xi, ...,Xk-3)) \ 
V{X^ixi, ..., Xfc_3)), V{Xlixi, ...,Xk-3)) \ V{X^{xi, ..., Xk-3))- Anyway with- 
out loss of generality we can consider the vertex Xk-2 to be in \/(Xg(a;i, ..., x^-s)). 
Spoiler chooses yk-2 = V^(5^A:-2)- Further choices of Duplicator are described 
in the same manner as for the case 1. 

If there are no two vertices adjacent to each other and to each of xi, ..., Xk-2, 
then further reasonings are identical to reasonings from subcases of the case 
1., in which we use safe pairs. 

Lemma is proved. 

References 

[1] p. Erdos, A. Renyi, On the evolution of random graphs, Magyar Tud. Akad. 
Mat. Kutato Int. Kozl. 5: 17-61, 1960. 

[2] S. Janson, T. Luczak, A. Rucihski, Random Graphs, New York, Wiley, 2000. 

[3] B. Bollobas, Random Graphs, 2nd Edition, Cambridge University Press, 2001. 

[4] N. Alon, J.H. Spencer, The Probabilistic Method, John Wiley & Sons, 2000. 

[5] J. Barwise, Handbook of Mathematical Logic, Elsevier Science Publishers B.V., 
1977. 



28 



[6] H.-D. Ebbinghaus, J. Fluin, W. Thomas, Mathematical Logic, Second edition, 
Springer- Verlag New York, Inc., 1994. 

[7] Y.V. Glebskii, D.I. Kogan, M.I. Liagonkii, V.A. Talanov, Range and degree of 
realizability of formulas the restricted predicate calculus, Cybernetics 5: 142- 
154. (Russian original: Kibernetica 2, 17-27). 

[8] R. Fagin, Probabilities infinite models, J. Symbolic Logic 41: 50-58, 1976. 

[9] S. Shelah, J.H. Spencer, Zero-one laws for sparse random graphs, J. Amer. 
Math. Soc. 1: 97-115, 1988. 

[10] J. H. Spencer, The Strange Logic of Random Graphs, Number 22 in Algorithms 
and Combinatorics, Springer- Verlag, Berlin, 2001. 

[11] M. McArthur, The asymptotic behavior of L^^ on sparse random graphs. Logic 
and Random Structures, 33: 53-63, 1997. 

[12] M.E. Zhukovskii, Zero-one k-law. Discrete Mathematics, 2012, 312: 1670-1688. 

[13] M.E. Zhukovskii, Zero-One Laws for First- Order Formulas with a Bounded 
Quantifier Depth, Doklady Mathematics, Vol. 83, No. 1, pp. 8-11, 2011. (Rus- 
sian original: Doklady Akademii Nauk, Vol. 436, No. 1, pp. 14-18, 2011). 

[14] J.H. Spencer, Counting extensions, J. Comb. Th., Ser. A 55: 247-255, 1990. 

[15] M.E. Zhukovskii, Estimation of the number of maximal extensions in the ran- 
dom graph. Discrete Mathematics and Applications, 2012, 24(1): 79-107. 

[16] A. Ehrenfeucht, An application of games to the completness problem for for- 
malized theories, Warszawa, Fund. Math. 49: 121-149, 1960. 



29 



